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ABSTRACT

We study the k-boolean attribute model, which is a restriction of
the k-attribute model to boolean valued attributes. We show that
finding a k-boolean attribute model is NP-complete, even when
either the attributes of the voters or alternatives is predetermined,
or when preference lists are bounded by length two. Additionally,
we show that the problem is fixed-parameter tractable with respect
to the number of alternatives.
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1 INTRODUCTION

Oftentimes, one can explain a set of preferences by considering
a set of qualitative attributes, such that if some person v prefers
some alternative a to another alternative b then a has more of the
qualitative attributes that person v cares for than b has. For example,
one may consider whether a restaurant

e accepts credit card as a payment method,
e serves vegan options, and
e provides table service.

All the mentioned criteria are in a sense boolean; for example, either,
a restaurant accepts credit cards or not. Assume someone prefers
the fast-food restaurant to a pizzeria. It would then be reasonable
to assume that the fast-food restaurant has more attributes than
the pizzeria that the customer cares about. This could be because
the fast food restaurant, which, say, has vegan options, and accepts
card payment, has more of the qualitative criteria than the pizzeria,
which does not accept card and has no vegan options, even though
table service is provided.

Such a rationale may be expanded to the preferences of multiple
people. There may exist an underlying set of attributes, such that
each alternative has some of those attributes and likewise each
person cares for some of them, such that the attributes explain the
preferences.

Here, we propose a definition for the underlying model of this
rationale, which we call the k-boolean attribute model (“k-BAM”),
for which k denotes the number of attributes. It is a restriction of
the k-attribute model proposed originally by Bhatnagar et al. [2],
which considers quantitative attributes instead of qualitative ones.
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Related work. The boolean attribute model is one way to suc-
cinctly describe a set of preferences of a set of voters over a set
of alternatives, the three of which together are called a preference
profile.

Multiple such succinct representations have been studied. Most
notable are single-peaked (SP) [3] and single-crossing (SC) [17] pref-
erence profiles, which are preference profiles that can be repre-
sented by a special linear order of the alternatives and voters, re-
spectively. Detecting single-peakedness and single-crossingness
can be done in polynomial time [10] and both are characterized
through two forbidden sub-profiles [1, 6] each. SP and SC prefer-
ence profiles are well-studied. It has been shown that they admit
fair voting rules [3] and efficient algorithms for some generally
NP-complete problems [3, 5]. However, most preference profiles
are not single-peaked [14] and likely not single-crossing, which
motivates research for more general models.

A general model related to SP and SC preferences is that of d-
Euclidean preferences [4]. A preference profile is called d-Euclidean
for some d € N if there exists an embedding f : VUC — R4
mapping the voters V and alternatives C to some d-dimensional
real-valued vector space, such that if an arbitrary voter v prefers al-
ternative a to alternative b, then a has a smaller Euclidean distance
to o than b has to v, that is, || f(a) — f(0)|l2 < ||f(D) — f(v)]|2. Like
SC and SP preferences, 1-Euclideanness can be detected in poly-
nomial time [10], and in fact, every 1-Euclidean preference profile
is single-peaked and single-crossing [10]. However the converse
does not hold: there exists a sequence of increasingly large prefer-
ence profiles ;. that are not 1-Euclidean, but for which deleting
an arbitrary voter from a profile P results in a 1-Euclidean profile
[7]. Hence, 1-Euclidean preferences can not, in comparison to SP
and SC preferences, be characterized by finitely many sub-profiles.
Additionally, while every preference profile is d-Euclidean for some
d, d can be arbitrarily large [4] and deciding whether a preference
profile is d-Euclidean is beyond NP even for d = 2 [16]. This inspires
research on ways to succinctly model preference profiles, which
may be computed more easily or are useful for certain decision
problems when given as part of the input.

Some such general models that are currently under investigation
are the previously introduced k-attribute model, the k-list model
and the k-range model, all of which were proposed by Bhatnagar
et al. [2].

To the best of our knowledge, Kiinnemann et al. [13] first con-
sider the idea of restricting the k-attribute model to boolean values
in a paper in which they demonstrate that, unless common complex-
ity assumptions fail, no subquadratic algorithm for finding stable
matchings exists for sufficiently large k, even if the attributes are
boolean.

In a similar vein, Cheng and Rosenbaum [8] show that some
stable matching problems can not be solved more efficiently for



preference profiles described by at least k > 6 real-valued attributes,
whilst many stable matching problems are fixed-parameter tractable
with respect to k for preference profiles with a k-range model.

Our contribution. We provide a definition of the boolean at-
tribute model based on set membership and show a dichotomy
result regarding BAM-EXISTENCE, namely that the problem can
be decided in polynomial time if the number of attributes k = 2
and that the problem is NP-complete if k = 3. We show that this
NP-completeness remains also for preference profiles that have
preference lists of length at most two.

We also examine various restricted cases, most importantly the
cases where either has or cares is already given as part of the input.
We find that even in these two cases, the problem remains NP-
complete. Thereafter, we consider the parameterized complexity of
the problem and show a fixed-parameter tractable algorithm for
the problem parameterized by the number of alternatives m.

2 PRELIMINARIES

Boolean attribute models are succinct representations of preference
profiles. Here, we consider potentially incomplete, strict preference
profiles. “Potentially incomplete” means that alternatives can be
missing from preference lists. “Strict” means that there are no ties.

Definition 1 (Preference profile). A preference profile® = (V,C, R)
consists of a set of voters V = {v1,...,0,}, a set of alternatives C =
{c1,...,cm}, and a set of voter’s preference lists R = {>y,,..., >0, }.
The preference lists are strict, potentially incomplete orders of the
alternatives, which describe the preferences of the voters over the
alternatives. For a voter v € V, their preference list is denoted by

v:iaxbrec

where a >, b means that v prefers a to b.

The rank of an alternative a for a voter v is the number of al-
ternatives that v explicitly prefers to a, i.e., ry(a) := [{b | a >4 b}|.
The rank is undefined if v’s preference list does not contain a. The
length of v’s preference list is denoted as | > |.

Example 2. Recall the restaurant example from the introduction.
Consider the following preference profile

Linda : fast food restaurant > pizzeria > hot dog stand,

David : hot dog stand > pizzeria.

The first line reads as “Linda prefers the fast food restaurant to
the pizzeria and the pizzeria to the hot dog stand”. We have that
| >Linda | = 3 and |rpjnda (hot dog stand)| = 2. Further, notice that
David does not rank the fast food restaurant, which illustrates that
preference profiles can be incomplete.

Definition 3 (k-boolean attribute model). A k-boolean attribute
model M = (has, cares) for a preference profile # = (V,C,R) is
a tuple consisting of two functions, called has : C — 2lk] and
cares : V — 2[K] that map alternatives and voters respectively to
subsets of the attributes [k] := {1,..., k}, with the property that
for each voter v and each pair of alternatives a, b € C, it holds that

a >y b = |has(a) N cares(v)| > |has(b) N cares(v)|. (1)
We define the score of an alternative ¢ with regard to a voter v as

scorey(c) := |has(c) N cares(v)|.

David
Linda

[] Pizzeria
Hot dog stand

[] Fast food restaurant

Figure 1: The 4-BAM of Example 4 for the preference profile
of Example 2, illustrated as a Venn-diagram. The function has
is represented by angular boxes and cares by round translu-
cent areas.

We write that an alternative ¢ has an attribute « if @ € has(c)
(or have, depending on grammatical necessity), and that ¢ has ¢
number of attributes if |has(c)| = £. The same holds for the use of
cares and for expressing inequalities. We say that the functions
(has, cares) explain a preference list if the condition of Equation 1
is true.

Example 4. Consider again the preference profile from Example 2
It can be described with four attributes {c, s, t,v}, as we can assign
the attributes to the voters and alternatives as follows:

e Linda cares about receiving table service, being offered ve-
gan options, and being able to pay with credit card, so
cares(Linda) := {c, t,0}.

e David only cares about being offered sausages, so
cares(David) := {s}.

o Of all criteria, the pizzeria only offers table service,
so has(pizzeria) := {t}.

o Likewise, the hot dog stand only serves sausages, so
has(hot dog stand) := {s}.

o Lastly, the fast food restaurant accepts card payment and
offers vegan options, so has(fast food restaurant) := {c,v}.

This BAM is illustrated in Figure 1. Although the attributes of
BAMs are defined to be subsets of the natural numbers, it may be
useful to name the attributes for illustrative purposes. The above
model, although it is using the attributes {c, s, t,v}, which repre-
sent whether card payment is accepted, sausages are served, table
service is provided, and vegan options are available, constitutes a
4-BAM, because in general, as the number of attributes is finite,
some arbitrary enumeration of the attributes suffices to make such
BAMs conform to the definition.

Our main focus was investigating the complexity of determining
whether a k-BAM exists for a given preference profile and num-
ber of boolean attributes, that is, the complexity of the following
decision problem:



BAM-EXISTENCE
Input: A preference profile #, an integer k
Question: Does there exist a k-boolean attribute model for P?

We also study the complexity of parameterized versions of the
above problem. A parameterized problem is a problem for which
some information about every instance, called the parameter of
the problem, is made explicit in the input. This allows for a more
detailed analysis of the time-complexity of deciding the problem.
For example, BAM-EXISTENCE can be parameterized by the number
of alternatives. A problem is called fixed-parameter tractable with
respect to some parameterization if there exists an algorithm that
decides if every parameterized instance (I, k) is a YES-instance in
time

f) - 11O,

where f : N — N is a computable function and |I| is the number
of bits required to encode I as a binary string. Informally speaking,
this means that when k is fixed, the time needed to solve an instance
increases only polynomially when |I| increases.

3 RESULTS

We first present some bounds on the number of attributes for a given
preference profile . Thereafter, we show the promised dichotomy
result for BAM-EXISTENCE, i.e., that the problem is in P when the
number of attributes k is two and NP-complete when k > 3. This
result is shown to be true even when the preference lists of a given
instance are bounded in length by two.

Afterward, we consider whether the problem is easier if either
has or cares is given as part of the input. Finally, we study the
problem from the lens of fixed-parameter tractability.

But first, we start with an observation:

Observation 5. One can check in polynomial time whether given
functions (has, cares) explain a preference profile ® = (V,C,R) (and
therefore constitute boolean attribute model).

This follows from the fact that one can determine the score of
an alternative for a voter in polynomial time, and then iterate over
every voter to check if their preference list is explained.

Given this observation, stating that BAM-EXISTENCE is contained
in NP, it is sufficient to prove NP-hardness in order to show that
BAM-EXISTENCE (or one of its restrictions) is NP-complete.

3.1 Some bounds on the number of attributes

Before showing hardness results, we first present some rules that
allow us to decide right away whether an instance is a YES- or
NO-instance. The first prerequisite can be derived from the list
length of voters:

Lemma 6. If a voter v has a preference list of length ¢ + 1, then
|cares(v)| > £.

Proor. Since we are working with strict preference lists and
the scores along a preference list must be strictly decreasing, if a
preference list has £ + 1 ranked alternatives, the list must be related
to at least £ + 1 scores. If |cares(v)| < £, then there can be at most ¢
scores, as the maximum achievable score is £ — 1 and there are ¢
values in the interval [0, £ — 1]. O

From this we conclude that there is a minimum value for k, which
follows from the lengths of all preference lists in a preference profile.
If k is smaller, no BAM can be found:

Corollary 7. A preference profile = (V,C,R) that has a preference
list of length ¢, can only be described by an attribute model with { — 1
or more attributes. Stated differently, for a k-BAM for P, it holds for
eachv € V that

k+1>|>].

We can formulate another lemma using the rank of a voter, con-
cerning what needs to hold for every k-BAM for some preference
profile, more specifically, what needs to hold for the has of each
alternative.

Lemma 8. Letc € C be an alternative, v € V a voter of a preference
profile with a k-BAM M = (has, cares). Then

(1) has(c)| = | =o | —ro(c) — 1 and
(2) has(c)| < k= ro(c).
In other words, if an alternative is ranked better than € others, it

has at least ¢ attributes, and if it is ranked worse than € others, it has
at most k — ¢ attributes.

Furthermore, we examine the ranks of an alternative for different
voters to find further requirements for k. This leads to another lower
bound for k.

Lemma 9. For every preference profile P = (V,C,R) with a k-
BAM, for each alternative ¢ € C and voters v,w € V for which
ro(c) = rw(c),

k+12>] >y |=rwle)+r(c).
ProoF. Remember that r,(c) > ry,(c). Applying Lemma 8 for o,

we find that
k —ry(c) = |has(c)|
and for w, we know that
[has(c)| > | = | = rw(e) = 1
from which we obtain
k=ro(c) 2| =w|—rw(c) -1 &
k+12>| >4 |—rw(c)+ry(c).

[m]

With Lemma 9, we examine each pair of occurrences of an alter-
native in pairs of voters, and then get a lower bound for k. Assume
the following example, with voters v and w:

via-b>c-d>e
w:f>d>g>h>i

We examine alternative d, where r,,(d) = 1 and ry(d) = 3. Lemma
9 determines a minimum value of k +1 > 5—1+3, leading to k > 6.
Intuitively, there need to be at least three attributes that d has, in
order to be able to explain voter w, but also three attributes that
d does not have, in order to explain voter v. This of course must
hold for all alternatives.



3.2 Finding BAMs is hard in general

In this section, we show a dichotomy result for the number of at-
tributes. It is the case, that deciding if a BAM with two attributes
exists can be done in polynomial time, whereas deciding if a BAM
with three attributes exists is NP-complete, even if the length of the
preference lists is bound by two. We show the former by demon-
strating a reduction from BAM-EXISTENCE with k = 2 to 2-SAT,
which can be decided in polynomial time, and the latter by reducing
3-CoLORING to BAM-EXISTENCE with k = 3, which is known to be
NP-complete.

THEOREM 10. BAM-EXISTENCE is in P for k = 2.

Proor. Due to Corollary 7, a preference profile that contains a
preference list of length four or longer is a trivial NO-instance. On
the other hand, preference lists of length one can be ignored, as
they contain no pairs, so the implicit universal quantification of
Equation 1 is true anyhow. Henceforth, we may concentrate only
on preference profiles that contain preference lists of length three
or length two. We show that BAM-EXISTENCE with k = 2 can be
decided in polyomial time by demonstrating a reduction to 2-SAT,
which is known to be decidable in polynomial time, as shown by
Krom [12]. Let (P, 2) with £ := (V,C,R) be a BAM-EXISTENCE
instance. We now construct a 2-SAT instance ®, such that ® is a
YES-instance if and only if (P, 2) is a YES-instance.

Let the attributes be A := {a, f}. For each alternative a € C we
introduce two propositional variables hq o and h, g, representing
whether alternative a has a and S, respectively. Call the set of all
those variables X. We model each voter v by a 2-CNF formula &,

Since we are only looking to decide whether a 2-BAM exists, it
is enough to assign the has from which the cares can consequently
be determined.

There are two cases to be considered, namely preference lists
of length three and of length two. We encode preference lists of
length three of the form vz :a > b > c as

q’v; = 751 A ¢2 A ¢3’ (2)

where

¢1 = ha’a N ha,ﬁ,

¢2 = (ﬁhb,a \Y ﬁhb,[)’) A (hb,a \ hb,ﬁ)’ and

¢3 = =heg A ﬁhc,ﬁ.
For preference lists of length two, we only need to make sure that
the first ranked alternative has one attribute that the second ranked
alternative does not have, therefore, we encode lists with length
two of the form vy : d > e as

Do, = P4 NP5 A o A P7, )

where
¢)4 = hd,a \ hd,ﬂ)
¢5 = —heq V ﬂhe’ﬁ,
¢6 = hd,a Vv _‘he,ﬁ’ and
¢7 = hd,ﬁ \Y% ﬂhe,a.

Each preference list is encoded as a formula @, like v3 or v, respec-
tively, depending on its length. Finally, the full 2-SAT encoding is

D= /\Z)EV q>v~

We claim that computing the encoding ® from # can be done
in polynomial time and the size of ® is polynomial in the size of
. For each voter, the number of clauses is constant (four clauses
for a preference list with length two, and three clauses for a prefer-
ence list of length three). The number of variables needed is upper
bounded by a constant value of six per voter (each voter can rank
at most three alternatives, and two variables per unique alternative
are needed). Therefore, the time needed for computing ® is O(|V|)
and @’s size is also O(|V]).

We claim that @ is a YES-instance of 2-SAT if and only if (P, 2)
is a YES-instance of BAM-EXISTENCE. We now show correctness.

Assume (P, 2) is a YES-instance of BAM-ExiSTENCE. Then, there
exists a BAM M = (has, cares) with two attributes for . We claim
that @ is also a YES-instance, because we can construct a satisfying
assignment I : X — {0,1} from M. Let I be an assignment, for
which holds that for each ¢ € C

a €has(c) = I(heq) =1

Behas(c) = I(h.p) =1

a ¢ has(c) = I(h¢q) =0, and
B

B ¢ has(c) I(hep) = 0.

We claim that such an I is well-defined and a satisfying assignment
to @. It is clearly well-defined, as @ € has(c) and f € has(c) is
defined for every alternative c, and an element can not be simulta-
neously contained and not contained in a set. Next, we argue why
I is a satisfying assignment. To do so, we consider preference lists
of length two and three separately. We assign truth values in the
following way:

For every preference list of length three of the form v € V,
v:a > b > cit must hold that

scorey(a) = 2,
scorey(b) =1,
scorey(c) = 0 and

cares(v) = {a, f}. (By Lemma 6.)

Note that the encoding ®, of v has the form of ®,, from Equation 2.
A score of two for alternative a implies has(a) = {a, i}, as there
is no other way to get a score of two with two attributes. Thus
I(ha,a) = I(hgp) = 1. This leads to ¢; being satisfied. A score of
one for alternative b implies that either has(a) = {a} or has(a) =
{B}, as these are the only ways to get a score of one given that
cares(v) = {a, f}. Thus, only either I(hy 4) = 1 A I(hpp) = 0 or
I(hp,a) = 0 AI(hp,p) = 1. This leads to ¢, being satisfied. Lastly, a
score of zero for alternative ¢ can only be achieved if has(a) = 0,
thus I(hc,q) = I(hcpg) = 0. This means that ¢3 is satisfied. Thus,
formula ®,, is satisfied.

We now consider an arbitrary voter v € V with a preference list
of the form v : d > e. The score of alternative d must be greater
than the score of alternative e, meaning alternative d can have a
score of either one or two, alternative e can have a score of either



zero or one, and they can not be equal, that is

scorey(d) > 1,
scorey(e) < 1, and

score,(d) # scorey(e).

Note that the encoding ®, of v has the form of ®,, from Equation 3.
Alternative d must have least one attribute, otherwise it could not
get a score of at least one. This leads to ¢4 being satisfied. Similarly,
alternative e can not have both attributes, as then, it would be
impossible for alternative d to have a higher score. This leads to ¢s
being satisfied. We still need to show that ¢¢ and ¢ are satisfied.
We know that there are three possible attribute assignments for
alternative d, which we will consider separately again here:

e Assume has(d) = {a, f}. This means I(hg ) = I(hgp) = 1,
in which case both ¢¢ and ¢7 are satisfied.

e Assume has(d) = {a}. This means that I(hz,) = 1 and
I(hg,p) = 0. Thus, formula ¢ is satisfied. We also know that
the score of alternative d must be one, meaning alternative
e must have a score of zero. Since the voter must care about
« in this case, we know that alternative e must not have «,
meaning I(he o) = 0, which satisfies ¢7.

o Assume has(d) = {f}. This works analogously to the case
above.

Thus, formula @, is satisfied under I. As only lists of length two
and three are possible, and we have shown all of them are satisfied,
formula @ is satisfied under I, i.e., formula ® is a YES-instance.

We have shown that if a BAM-EXISTENCE instance with k = 2
is a YES-instance, then the constructed 2-SAT instance is also a
YES-instance. Now we examine the other direction.

Assume ® is a YES-instance, i.e. there is some satisfying assign-
ment I : X — {0,1} for ®. We claim that the corresponding BAM-
EXISTENCE instance is also a YES-instance, because we can con-
struct a BAM from I. Define M := (has, cares), such that for each
alternative ¢ € C it holds that

I(heq) =1 = « € has(c),
I(hc’ﬁ) =1 = f € has(c),
I(h¢q) =0 = a ¢ has(c) and

I(hep) =0 = J ¢ has(c).

and for each voter v € V it holds that cares(v) := has(c*), where
¢* is v’s most preferred alternative.

This is well-defined, as the assignment I is defined for each
variable. Next, we argue that this constitutes a BAM for . We
again consider preference lists of length two and three separately.

Consider a preference list of length of length three of the form
v:a> b c As ¢, ¢ and ¢3 are all satisfied under I, it follows
that has(a) = {«, f}, |has(b)| = 1 and |has(c)| = 0. By definition,
cares(v) = {a, f}, which means that v is explained by M, since

scorey(a) = 2 > scorey(b) = 1 > scorey(c) = 0.

Next, consider the preference list of a voter v € V of the form
v : d > e. Consider the following:

® As ¢4 = hgq V hgp is satisfied, it must be the case that
|has(d)| > 1.

o As 5 = heq V ﬂhe,ﬁ is satisfied, it must be the case that
|lhas(e)| < 1.
e Because of the above and the fact that ¢¢ = hy o V —h, g and
o7 = hd”g V —he o are satisfied, it can not be the case that
has(d) = has(e), as if both have exactly one attribute, it can
not be the same one.
As a consequence, given that cares(v) = has(d), score,(d) >
scorey(e) in all cases. Thus, every preference list is explained by
M, ie., profile P is a YES-instance.
As we have shown both directions, the proof is done. [}

Next we show a reduction to BAM-ExISTENCE with k = 3 from 3-
CoLORING, which is known to be NP-complete [15], demonstrating
the dichotomy for the complexity of BAM-Ex1STENCE. We quickly
state the problem statement without delving into much detail.

3-COLORING

Input: A graph G = (V,E)

Question: Does there exist a coloring y : V — {R, G, B} such
that for every edge {a, b} € E, it holds that y(a) # y(b)?

THEOREM 11. BAM-EXISTENCE is NP-complete for k = 3.

Proor. We show that 3-COLORING reduces to BAM-EXISTENCE
with k = 3. We first demonstrate the reduction and afterward prove
its correctness.

First, we construct a preference profile # = (V,C,R) from a
given graph G = (U, E) through the following steps:

o To obtain C, add each vertex u € U and three dummy alter-
natives ds, d2, dy as an alternative, so C := U U {d3, d2, do }.

e To obtain V and R, for each vertex u € U, add a voter with
the preference list

vy d3>=dy = u>=dy
and for each edge {a, b} € E, introduce the voters
U(aqp) : @ > b, and
U(ba) b = a
Further, let A := {R, G, B} be the attributes, thus k = 3. This con-
cludes the description of the reduction. Profile # can be computed

in O(|U| + |E|) time and has size O(|U| + |E|).
We claim that G is 3-colorable if and only if # admits a 3-BAM.

Assuming that G is 3-colorable, there exists a coloring y : U —
{R, G, B} such that no two adjacent vertices are mapped to the same
color. From y, one can construct a 3-BAM as follows:

e Foru € U, let has(u) := {y(u)} and cares(v,) = {R, G, B}.
e Let has(ds) := {R, G, B}, has(dz) := {R, G} and has(dy) := 0.
e For {a,b} € E, let cares(v(4p)) = {x(a)} and
cares(v(p,q)) = {x(b)}.
We claim that M := (has, cares) constitutes a 3-BAM for P. First,
it uses only three attributes. Further, each voter’s preference list is
explained by M, because for every vy,

|has(ds) N cares(vy)| =3 >
|has(dy) N cares(vy)| =2 >
|has(u) N cares(vy)| =1 >
|has(dp) N cares(vy)| = 0.



Additionally, as for each edge {a, b} € E, it holds that y(a) # x(b),
both v(,4) and v(y, 4) are explained, because

|has(a) N cares(v(4p))| = 1 > |has(b) N cares(v(p 4))| = 0 and
[has(b) N cares(v(p, q))| = 1 > |has(a) N cares(v(qp))| = 0.

On the other hand, assume that M = (has, cares) is a 3-BAM of P.
We claim that we can easily construct a coloring from M. For every
u € U it must be that cares(v,) = {R, G, B} because | >, | = 4.
Further, it must also be that |has(u) N cares(v,)| = 1. Combining
the two facts implies that |has(u)| = 1, that is, each vertex has
exactly one attribute. Further, for every edge {a, b} € E, we have
that [has(a)| N |has(b)| = 0. Thus, a function mapping each u € U
to its respective single attribute is a well-defined 3-coloring for G,
as no two adjacent vertices obtain the same color.

This concludes the proof of correctness. O

This result holds even whenever the preference lists are bounded
in length by two.

THEOREM 12. BAM-EXISTENCE is NP-complete for k = 3, even for
preference profiles for which every preference list has length at most
two.

See proof on page 8.

However, there is a special case, where finding a BAM is solvable
in polynomial time. That is, if all preference list lengths share the
following relation to k:

Lemma 13. If all preference lists in a preference profile are of length
k + 1, BAM-EXISTENCE can be solved in polynomial time.

Proor. We know that the cares sets of all voters must contain
all attributes due to Lemma 6. Due to Lemma 9, we also know that
each alternative can only appear at the same rank for all voters, as
|rw(a) — ry(a)| must be zero for all alternatives a and voter pairs
o, w.

Therefore, we can simply iterate over all preference lists in poly-
nomial time, and check whether an alternative appears in different
positions. If the alternative is found in different positions, the given
instance is a NO-instance, otherwise, it is a YES-instance, and the
attributes can be assigned trivially based on the rank of an alterna-
tive. O

3.3 Finding BAMs is hard for partially given
solutions

The next question that might arise is which information makes
finding a BAM easier and which makes it harder. We have investi-
gated the two cases when either has or cares was given as part of
the input. Let us state the respective computational problems.
BAM-Ex1STENCE WITH HAS/CARES
Input: A preference profile £ = (V,C, R), a function
has/cares : C/V — 2[F] with k e N
Question: Does a function cares/has : V/C — 2[k] exist such
that (has, cares) is a k-BAM for P?
We show that the problem remains NP-complete for k > 3 in
either case. We start with a reduction from 3-SAT, an NP-complete
problem [9] to BAM-EXISTENCE WITH CARES.

THEOREM 14. BAM-EXISTENCE WITH CARES is NP-complete.

See proof on page 9.

The counterpart BAM-EXISTENCE WITH HAs is also NP-complete.
We show this by demonstrating a reduction from RESTRICTED EXACT
3-seT COVER, which was shown to be NP-complete [11].

RESTRICTED EXACT 3-sET COVER (RXC3)
Input: A set X of elements with cardinality |X| = 3 - ¢ where
q € N, a collection S = {5y, ..., S3¢}, where for each subset
S; € S, it holds that S; C X, and |S;| = 3, and each element
is contained in exactly three subsets S;.
Question: Is there a collection of subsets S’ ¢ S such that
each x; € X is contained in exactly one subset 5] € S”.
We call a collection of subsets with the above properties a restricted
exact 3-set cover for its input. Additionally, note that |S’| = ¢ follows
from the definition of each subset having cardinality exactly three.

THEOREM 15. BAM-EXISTENCE WITH HAS is NP-complete.

See proof on page 9.

The fact that the reduction maps every RXC3 instance to a pref-
erence profile with only a single voter gives yet another hardness
result.

Corollary 16. BAM-EXISTENCE WITH HAS is NP-hard even for one
voter.

This hardness result actually talks about the parameterized com-
plexity, which will be the main topic of the next section.

3.4 Parameterized complexity

In this section, we show that BAM-EXISTENCE is fixed-parameter
tractable for the number of alternatives. This is due to the fact that
the number of alternatives m bounds the other parameters. It is
easy to see that there are only O(m!) many different preference
lists, thus n < O(m!). Further, we show the following upper bound.

Lemma 17. Let P = (V,C,R) with |C| = m. The preference profile
P admits a BAM withk = (m — 1) - m and one withk = (m - 1) - n.

See proof on page 11.

This yields the fact that BAM-EXISTENCE is fixed-parameter
tractable with respect to m, simply due to brute force. Notice that
this brute force algorithm “guesses” the has function; we denote
this choosing an arbitrary element of

olk] s olk] = olkI™
NI —

m times

of which there are 2™ many.

THEOREM 18. There is an algorithm deciding BAM-EXISTENCE for

a preference profile with m alternatives in less than am’ . |10
time.

Proor. We show that Algorithm 1 is correct and has the afore-
mentioned time-complexity.

If k > m(m — 1), the algorithm is correct due to Lemma 17
and runs in constant time. Otherwise, the algorithm is a triply
nested for-loop with at most 2k - 2 . . 2K < am’ . gm .. om’*
iterations and a |0V body. Thus, the algorithm needs fewer
than 20(m*) . |£19() many steps. Further, assume that a k-BAM
M = (has, cares) exists. Then, either another k-BAM is found, or



Algorithm 1: BruteForceM

Input: A preference profile £ = (V,C, R), an integer k
Output: T if # admits a k-BAM else L

1 m« |C|;

2 if k > m(m — 1) then

3 ‘ return T

4 end

s foreach has C 2[K1™ do

foreach v € V do

6

7 foreach S C [k] do

8 if S explains v under has then
9 ‘ cares(v) <« S;

10 end

1 end

12 end

13 if (has, cares) is BAM for  then
14 ‘ return T
15 end
16 end

17 return L

has will be guessed and cares will consequently be found, so the
algorithm returns T. Further, T is returned only if a BAM has been
found. Consequently, the algorithm is correct. O

Lastly, notice that for complete preference profiles, the smallest k
such that a profile admits a k-BAM is bounded both from below by a
function of m and from above. This yields the following equivalence.

Corollary 19. Let k be the minimum number of attributes such
that a given preference profile admits a k-BAM and L be a decision
problem defined on complete preference profiles.

L is FPTwrtm < L is FPT wrtk.

Proor. This follows from m < k < (m — 1) - m for complete
preference profiles. O

It is, however, not clear whether BAM-EXISTENCE is
fixed-parameter tractable with respect to number of voters n, which
is yet to be thoroughly investigated. First attempts at showing W[1]-
hardness, have been unsuccessful. We weakly conjecture that the
problem is fixed-parameter tractable with respect to n and provide
a starting point for investigating the problem.

THEOREM 20. BAM-EXISTENCE is decidable in linear time if n = 2.

See proof on page 11.

4 CONCLUSION

In this work, we formally introduced boolean attribute models, a
way to explain preference profiles with boolean attributes, and the
corresponding decision problem BAM-EXISTENCE, which we have
proven to be NP-complete in general. It remains NP-complete, even
when given the has or cares sets as part of the input. However, we
found some special cases where the problem is solvable in polyno-
mial time. Lastly, we explored the problem regarding parameterized

complexity and found fixed-parameter tractability for various pa-
rameters, most importantly for the number of alternatives m.

Open questions. While the general problem is NP-complete, there
may be more special cases where the problem is tractable. Finding
such cases, that are real-world applicable, could lead to a big boost
for the usefulness of BAMs.

In terms of parameterized complexity, the most important open
question is the complexity of BAM-EXISTENCE with respect to the
number of voters n. Additionally, more work on the parameterized
problem with number of alternatives m as input could lead to a
better algorithm than the one proposed before.

Lastly, we only focused on the hardness aspect of finding boolean
attribute models. The next step is to research whether such models
prove to be useful for other problems. More specifically, the question
is whether there are NP-hard problems that become solvable in
polynomial time when a BAM is given as part of the input. Some
candidates to study for this are various voting problems, such as
NP-complete winner-determination problems.
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APPENDIX

THEOREM 12. BAM-EXISTENCE is NP-complete for k = 3, even for
preference profiles for which every preference list has length at most
two.

Proor oF THEOREM 12. We demonstrate a reduction from
3-CoLORING, which is known to be NP-complete [15], similar to
the proof above. Assume we are given a graph G = (U, E). For
simplicity, we assume that no vertices of degree zero exist in G
(these vertices can be colored with any color). We construct an
instance of BAM-EXISTENCE with k = 3 and a preference profile
P = (V,C,R) the following way:

e As k = 3, name the attributes A := {R, G, B}.

e LetC:=UUD{UDyU {d3}, where D; = {dl,l, dl,z,dl,?,},
and Dy := {dy1,da2,d23}, that is, the alternatives consist
of the vertices of the graph and dummy alternatives. We
aim to construct a preference profile in a way such that for
every BAM over 3 attributes, alternatives in D; must have
exactly one attribute, alternatives in Dy must have exactly
two attributes, and the alternative d3 must have all three
attributes.

e Introduce anonymous dummy voters that require that, for
every BAM with k = 3, the number of attributes per alterna-
tive is necessarily as described before. For each alternative
dy € Dy and each alternative in d; € D1, introduce a voter
preferring d over dp. In total, this means we introduce voters
with the preference lists

day = diy, dz1>-dia, doi - dis,
dzp = diy, dop >-dia, dap - dyis,
da3 = di1, dpsz>dia, dosz > dis,

all of which ensure that every alternative in D, has more
attributes than each alternative in D;. Further, introduce
voters with the preference lists

dig > dio, diz>-di, disz > dig,
dig = dis, dig >dis, diz - di,

all of which ensure that no two alternatives in D; have the
same attribute in all BAMs. We also introduce voters in a
similar vain for Dy, that is, we introduce voters with the
preference lists

dz1 = dap, dop >-dy1, dz3 - dag,
day = dz3, dpo > dos, dosz - dap.

Further, introduce for each alternative in Dy a voter prefer-
ring ds over that alternative, that is, introduce voters with
the preference lists

d3 - dz,l, d3 - dz)z, d3 - d2,3,
Next, introduce for each vertex u € U the voters
oy1 i d1 - U,
vy2 tdz2 > u, and
oy3 :dyz > U
Then, introduce for each edge {a, b} € E the voters
U(gp) 1@ > b, and
U(ha) b = a

This concludes the construction. Clearly, profile £ can be com-
puted in O(|V| + |E|) and has size O(|V]| + |E|).

Before we go into the correctness proof, we make a claim about
the just constructed BAM-EXISTENCE instance.

Claim 21. For Each Model M for P, it must hold that alternatives
d1,; € D; have exactly one attribute, alternatives do; € D have
exactly two attributes, and alternative ds has all three attributes.
Furthermore, all dummy alternatives are different.

Each alternative in Dy is ranked above two other alternatives,
meaning it must have at least one attribute. Also, they are ranked
above each other, meaning they must be different. From this, it
follows that each alternative in Dy must have at least two attributes.
Otherwise it could not get ranked above each alternative in Dj.

W.lo.g, assume now, that has(d; 1) = {R G}, ie., that it has
two attributes. This would mean that one alternative in D, must
have three attributes, as all alternatives in Dy must have at least
two attributes, be different and be ranked above dj ;. However,
then a conflict would occur, as d3 can not be ranked above all
alternatives in Ds, if one of them already has three attributes. This
means that d3 must have all three attributes, alternatives in Dy have
all combinations of two attributes, and alternatives in Dy all have
one different attribute. This concludes the proof for Claim 21. <

We claim that G is a YES-instance if and only if £ admits a
3-BAM.

First, assume that the graph is 3-colorable. Then, there exists a
3-coloring y : U — {R, G, B}. From y we construct a 3-BAM in the
following way:

e Forallu € U, let has(u) = {y(u)}.

e Forall {a,b} € E, let cares(v(4p)) := {x(a)} and
cares(v(p,q)) = {x(b)}.

e Forallu € U, let
cares(vy,1) := cares(vy,2) := cares(vy3) == {R, G, B}.

e Let has(ds) := {R, G, B}.

o Let the alternatives in Dy have all possible combinations
of two attributes, that is, has(dz 1) := {R,G}, has(dz2) =
{R, B}, and has(d33) := {G, B}.

o Let the alternatives in D1 have all possible combinations of
one attribute, that is, has(dy,1) := {R}, has(d12) := {G}, and
has(dlsg) = {B}

e Let v € V be some voter. If some dummy alternative d €
D1 U Dy U {ds} is voter v’s most preferred alternative, then
let cares(v) := has(d).

We claim that M := (has, cares) constitutes a 3-BAM for P. First, it
only uses three attributes. Furthermore, each voter’s preference list
is explained by M. All dummy voters are explained. For dummy
voters, an alternative that is ranked first always has at least as
many attributes as the second ranked alternative. Furthermore, no
two dummy alternatives have the same attributes. Finally, for all
dummy voters v, we set cares(v) to has of the alternative ranked
first. This leads to the first ranked alternative always having a
higher score.

Secondly, all other voters concerning edges are explained. For
each edge {a, b} € E, two voters are present. W.Lo.g. assume y(a) =
Rand y(b) = B, this means that cares(a) = {R} and cares(b) = {B}.



Additionally, we have set cares(v,3,) = {R} and cares(v, ;) = {B},
leading to a score of one for alternative a in v, and a score of zero
for alternative b in v, 4. It is the opposite for voter v, ;.

Finally, all voters concerning vertices are explained. Each alterna-
tive u € U has exactly one attribute, and each dummy alternative in
D5 has exactly two attributes. The voters vy, 1, 04,1, 04,1 care about
all attributes, leading to scores of two for the dummies and one for
u, explaining the voters.

Therefore, the tuple M constitutes a 3-BAM for profile .

Now, assume that some M = (has, cares) constitutes a 3-BAM for
P. We claim that by giving each vertex in U a color based on the
attributes, the corresponding y(c) := has(c) gives a 3-coloring for
G, with a slight abuse of notation.

First, we show that each alternative u € U has exactly one
attribute. To start, u must have at least one attribute, as it is ranked
above a neighbor in some voter. Furthermore, u can have at most
one attribute, which can be concluded from the following:

Using Claim 21, we can conclude that u can have at most one
attribute. Since u is ranked below each alternative in D, which
have all possible combinations of two attributes, it can not have
exactly two attributes, otherwise it would be identical to another
alternative in D2 and could not be ranked below it. Therefore, u
must have exactly one attribute.

Lastly, for each {a, b} € E, alternatives a and b must have differ-
ent attributes. This follow from the voters v, ; and v, ,. We know
that a and b have exactly one attribute. If has(a) = has(b), then
both of these voters could not be explained, meaning a and b must
have different attributes, and in turn, different colors.

This concludes the correctness proof. O

THEOREM 14. BAM-EXISTENCE WITH CARES is NP-complete.

Proor oF THEOREM 14. We claim that 3-SAT reduces to BAM-
Ex1STENCE WITH CARES. Let ® be a 3-CNF formula with variables
X = {x1,...,xn} and clauses C = {Cy,...,Cn}, with each clause
being a set of literals.

We construct a preference profile £ and specify the cares sets
as follows:

o Let the alternatives consist of a choice gadget ¢ and dummies
do and d».

o Let the attributes be represented by all 2n literals of X, that
is,A={-x|xeX}UX.

e For each x € X, introduce a voter with the preference list
ox : dg > a > do who cares only about x and its negation,
that is, cares(vy) = {x, —x}.

e For each clause C € C, introduce a voter vc : dy > ¢
who only cares about the negations of C’s literals, that is,
cares(C) := {—t | £ € C}.

This finishes the construction of . The obtained preference profile
is polynomial in size with respect to the length of ® and can be con-
structed in polynomial time. We claim that # with the given cares
function admits a has function such that (has, cares) constitutes a
BAM if and only if ® has a satisfying assignment.

Assuming there exists a variable assignment I : X — {0, 1} satis-
fying ®, then has can be determined as follows. Define has(c) such

that for each literal ¢, it holds that ¢ € has(¢) < I(£) =1 and
let dy have all attributes and djy have no attributes, i.e.,

has(dy) := A, has(dp) := 0.

We claim that, for every x € X, the preferences of voter vy are
explained by has. This is because vy cares only about x and its
negation, and exactly one of x or —x is contained in has(c), thus

|cares(vy) Nhas(dz)| =2 >
|cares(vy) Nhas(c)| =1 >
|cares(vy) N has(dy)| = 0.

Further, for each clause C € C, at least one of C’s literals evaluates
to 1 under I, which means that at most two of them evaluate to 0.
This means that |has(c) N cares(vc)| < 3 = |has(dz) N cares(vc)|,
which shows that v is explained.

On the other hand, assume (has, cares) is a BAM for . We claim
that an assignment I for which for every literal ¢ it is true that
¢ € has(a) < I(¢) = 1is a satisfying assignment for ®. For
every variable x € X, I(x) is well-defined, as either x € has(c) or
—x € has(a), because of the facts that |cares(vy)| =2, | >, | =3
and |ry_(x) = 1. It is a satisfying assignment, as for each clause C,
voter vc’s preferences imply that has(c) contains the negations of
at most two literals of C, which in turn means that has(c) contains
at least one of C’s literals. As this is the case for an arbitrary clause
of @, I is a satisfying assignment.

Thus, we have shown that the reduction is correct and runs in
polynomial time and space. This means BAM-EXISTENCE WITH
CAREs is NP-hard. As one can check if (has, cares) constitute a
BAM for P, the problem is also NP-complete. O

THEOREM 15. BAM-EXISTENCE WITH HAs is NP-complete.

Proor oF THEOREM 15. We show a reduction from an instance
of RXC3 to an instance of BAM-EXISTENCE WITH Has.

Let I = (X, S8) be an instance of RXC3, where we denote X =
{x1,...x3¢} and S = {5y, ..., S3¢}. From I, we construct a prefer-
ence profile # := (V,R,C). We choose C := X U {dy,dy,ds3}, that
is, we introduce an alternative for each element x € X and three
dummy alternatives. The set of voters V := {v} consists of exactly
one voter with the preference list

v:idy = X3q > 0= ag = d1 = xg-1 > -+ = X1 = do.

Next, we describe the has of the instance. It can be obtained as
follows:
e For each set S; € S, introduce an attribute « ; denoting
membership in Sj, that is, x; € S &= «a; € has(x;j) for
every xj € X.
e Additionally, let a; € has(d;) for all S;.
e For each element x;, introduce i many dummy attributes
51.1 .. .,51?’1 that only x; has, meaning that

(Sljehas(xf) — i={Aj<I

Additionally, if i > g, introduce in the same way one more
attribute &;.

1 53q+2
3g+1° " "7 U3g+1

alternative dj has, so 5gq+1 chas(c) & c=dyA1<j<
3g+2.

e Introduce 3q + 2 dummy attributes . that only
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Table 1: Table showing the creation of a k-CARES EXISTENCE
instance from RXC3 instance. A 1 in column ¢ and row «
indicates that attribute « € has(c). The empty fields depend
on the original RXC3 instance and are therefore left blank
in this example.

To summarize, each alternative x; € X has exactly three of the
attributes ay, ..., @34 and additionally it has either i — 1 dummy
attributes or i dummy attributes §;, depending on whether i > q or
not. Alternative dy has 3g+2 attributes that no other alternative has,
di has all of ay, ..., a3, and dy has no attributes. An illustration
thereof is given by Table 1. This concludes the reduction.

Clearly, the reduction takes polynomial time and the BAM-
ExISTENCE WITH Has instance (P, has) has polynomial size.
Next, we show the correctness of the reduction.

Assume that S’ C S is a restricted exact 3-set cover of X. Call the
set of all dummy attributes D. We claim that cares(v) := {a;|S; €
S’} U D constitutes a BAM for (P, has). Recall the preference list
of v, which is

vidy > x3g = - > xg = dy = xg-1 > = x1 > dp.
The alternatives obtain the following score for v:

o The score of dy is 3q + 2 as da has 3q + 2 dummy attributes,
all of which v cares about.

e If i > g, the score of x; is i + 1, as has(x;) contains exactly
one of ay, ..., a3q. This in turn is because x; is contained
in only one of subset contained in 8’ by the definition of a
restricted exact 3-set cover. The same argument applies for
showing that |has(x;) N cares(v)| =i fori < q.

e The dummy d; has a score of g, because
has(d;) = {a1,...a3q} and [cares(v) N {a1,... a3q}| = ¢.

e The dummy dy has a score of 0, because has(dp) = 0.
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Thus, we have that v’s preference list is explained, as
|has(dz) N cares(v)| =3q+2 >
|has(x3¢) N cares(v)| = 3¢ +1 >
|has(x3g-1) N cares(v)| = 3¢q >

|has(xq) N cares(v)| =g+ 1 >
|has(d;) N cares(v)| = ¢ >
|has(xg-1) N cares(v)| =q—1>

|has(x1) N cares(v)| =1 >
|has(dp) N cares(v)| = 0.

On the other hand, assume that M := (has, cares) is a BAM for
P. We claim that the sets S* corresponding to the non-dummy
attributes v cares for, that is, cares(v) \ D, are a restricted exact
3-set cover for X. This relies on the following observation.

Claim 22. The scores for the alternatives ranked by voter v are
(3¢ +2,3q+1,3q,...,2,1,0), meaning they are descending by ones.

Alternative d must have a score of 3q + 2. It can not have a score
higher than 3q + 2, because |has(d2)| = 3¢ + 2. However, it also can
not have a score of less than 3q + 2, as it is preferred to 3q + 1 other
alternatives.

Since the maximum score is 3q + 2, and in total there are 3q + 3
alternatives ranked, the scores must be descending by ones from
{3¢+2,...,0}, as no draws or scores below zero are allowed. <

From this we obtain that the score of d; must be g, as it is in
the q* h position counting from 0. Observe that d; only has non-
dummy attributes. As a consequence, v must care about exactly ¢
non-dummy attributes, that is, |cares(v) \ D| = g. Thus, S* contains
exactly q subsets.

It is left to show that each element x; € X is contained in exactly
one subset S € S*. Consider x; such that i > q. Its score is i + 1,
but |has(x;) N D| = i, so |(has(x;) N cares(v)) \ D| > 1, so x; is
contained in at least one of 8*. An analogous argument can be
made for i < q.

Finally, we claim that no element is contained in two or more
subsets of S*. Aiming for a contradiction, assume x; is contained
in the two subsets S1, S2 of S*, and each other element is contained
in exactly one subset of S*. However, this implies that

3q = USSISIUSZH U S

Ses* SeS*\{S1,5;}
<5+3-(q-2)
=3q-1
< 3q,

which is a contradiction (3q £ 3q.). Consequently, every element
must appear in exactly one subset of S*. This concludes the proof
of correctness.



Thus, RESTRICTED EXACT 3-SET COVER reduces to BAM-EXISTENCE
wiITH Has, which means that the latter is NP-hard. It is also NP-
complete, as checking if (has, cares) is a BAM can be done in poly-
nomial time. ]

Lemma 17. Let P = (V,C,R) with |C| = m. The preference profile
P admits a BAM withk = (m — 1) - m and one withk = (m—1) - n.

ProoF oF LEMMA 17. This can be shown constructively. Let each
alternative ¢ have m — 1 attributes aé, .. aé"_l that only ¢ has, ie.,

A={allceCie[m-1]}
such that for all a, ¢ € C,
a,':lehas(c) & a=cA1<i<m
Then, let every voter v € V care about as many of the attributes of
any given alternative as they need. This can be described formally
by
cares(v) := {a£|v rankscand 1 <i < | >, | —ry(c)}.

The above is well-defined, as each voter needs to care about at most
(m — 1) many private attributes of a given alternative, because a
list of m alternatives is can be described by m — 1 attributes.

We claim that the functions (has, cares) constitute a BAM. For
every v € V, ¢ € C, if v ranks c, the score obtained by ¢ for v equals
| =5 | = ro(c), which strictly decreases when traversing down the
preference list and non-negative by the definition of the rank.

The analogous statement for k = (m — 1) - n can be shown
similarly instead of introducing (m — 1) private attributes for each
alternative, introduce (m — 1) private attributes for each voter. 0O

THEOREM 20. BAM-EXISTENCE is decidable in linear time if n = 2.

Proor oF THEOREM 20. As this proof will be rather long, we
start off by giving an overview of the things that will be shown. First,
we view BAMs through a slightly different lens, by partitioning the
attributes into attribute types. Thereafter, we give a construction
which corresponds to a BAM for a given preference profile with two
voters. We will prove that it is a BAM by showing that the scores
of the alternatives correspond to their positions in the preferences
of the voters, which implies that the scores are descending. Lastly,
we show that the number of attributes is the least possible for all
BAMs of the preference profile by showing that there exists a pair
of alternatives which require at least that number of attributes.

Let us start with the proof. Let £ := ({u, w},C, R). Generally,
observe that the attributes A of every BAM M := (has, cares) for
can be partitioned into three disjoint sets, one set Ay, ,, consisting
of the attributes that both u and w care about, one set A, consisting
of the attributes that only u cares about and one set A,, consisting
of the attributes that only w cares about. Formally, this means that
A=A, WA, WA,,, such that

Ay = cares(u) \ cares(w),
A,, = cares(w) \ cares(u),
Ay,w = cares(u) N cares(w).
With slight abuse of notation, define for every alternative c that
has,, w(c) = has(c) N Ay w,
hasy (c) := has(c) N Ay, and
has,,(c) := has(c) N A,,.
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It turns out that the scores of alternatives can be computed differ-
ently through the above insight.

Claim 23. The score of an alternative ¢ for voter u is equal to the
sum of the number of Ay, attributes alternative c has plus the number
of Ay,w attributes alternative c has, that is,

scorey (c) = |[hasy (c)| + |hasy w(c)]-.
Likewise,

scorey (c) = [hasy,(c)| + [hasy, w(c)]-.

We only show the first equation for score; (c), as the argument
is analogous for score,, (c). Observe that

scorey (¢) (4)
= |has(c) N cares(u)| (5)
= |has(c) N ((cares(u) N cares(w)) U (cares(u) \ cares(w))) |
(6)
= |has(c) N (Ay U Ay | 7)
= |(has(c) N Ay) U (has(c) N Ay,w)| 3)
= |has(c) N Ay| + [has(c) N Ay wl 9)
= |hasy (c)| + |hasy,w(c)], (10)

which shows that the claim is true. Notice how A, and A, ., are
disjoint, which is why the equality of (8) between (9) is true. <

Thus, an assignment of |has, (c)|, |has,,(c)|, |has, 1 (c)| for every
alternative ¢ € C is a certificate for BAM-EXISTENCE with n = 2 if

o they are all non-negative,
o for each pair a, b € C, whenever a >, b then

|hasy w(a)| + |has, (a)| > |hasy . (b)| + |has, (b)],

o the analogous holds whenever a >,, b, and
o Ayl + |Aw| + [Ay,wl| = k.

Next we give a construction that gives values for
|hasy (¢)|, |has(c)|, |hasy w(c)| for every alternative ¢ € C. To
build some intuition, we will first talk informally about the con-
struction. Generally, the important point is that the values will be
assigned in a way such that the scores will be minimal in a sense
that they will correspond to the positions of the alternatives. For
example, if u : ¢o > ¢1 > ¢y, then ¢y will obtain a score of 0 for u,
c¢1 a score of 1 and ¢ a score of 2.

The construction proceeds as follows: First, the values are being
assigned to the alternatives which are ranked by both u and w.
Initially, as many attributes of A, ,, will be assigned to each alterna-
tive as possible, without exceeding the corresponding least needed
score for both voters. Then, the gap to the larger least needed score
for either u or w will be achieved through newly allocated attributes
in A, or A,, respectively.

Then, for each alternative, we “convert” as many attributes in
Ay w to one already existing attribute in A, and one already existing
attribute in A,, as possible, with the intent to reduce the number
of A, w attributes without increasing the number of A, and A,,
attributes.

After this, the alternatives ranked by only one voter will receive
their attributes. Again, we do so by giving them exactly as many
attributes as needed for their position. We try to reuse all attributes

(11)



that have already been assigned; if that is not enough, new attributes
are allocated in Ay, 4.
Formally, define the following. For every ¢ € C, let

[ =y | =ru(c)
0

e |has,,(c)| > 0, and
e |has, (c)| = 0.

Consider an arbitrary alternative c¢ that is ranked by both u and

u ranks c, and w. It is the case that

Au(c) =
u(©) otherwise, |has, (c)| = tcy + convert,
= Au(c) - teuwt min(|A| - e, ws |Aul = teus tc,u,w)

= Au(c) = min(Ay(c), Aw(c)) + min(|Asy| = te,w, [Aul = te,us teu,w)
—_————  —— —— ——

which is the score needed to justify c¢’s position in u’s preferences.
Define A,,(c) analogously.
Then, for every alternative ¢ € C which is ranked by both u and

w, let 20 >0 >0 >0
. > 0.
teu,w = min(Ay(c), Aw(c)),
_ The same argument holds for |has,,(c)|. Additionally, it is the case
teu = Au(e) - teu,ws
that
te,w = Aw(C) = teuwss

Ayl == maxt,

[Aul = ma te

[Ay| == max tc v,
ceC

converte = min(|Aw| — te,w, [Aul = teu teu,w),
|hasy, w(c)| := teu,w — convert,
|has, (c)| == t¢y + convert,, and

|has,y(c)| == tc 4y + convertc.

Then, for each alternative c ranked only by u, assign as many Ay, v
attributes as needed to achieve A, (c), whilst using as many Ay,
attributes as needed and possible, that is,

|has,,(c)| =0,
|hasy, (¢)| := min(Ay(c), |Ayl), and
[hasy,w(c)| := Au(c) — [hasy (c)].
Do the analogous for alternatives ranked only by w. Lastly, define
|Ay,wl = r;leag |has, w(c)|, and
k= Ayl + |Aul + [Awl.

This construction can clearly be computed in linear time.
We proceed to show that the above construction yields the “small-
est” BAM for P, which involves showing three things:

e For every ¢ € C, the assignments of |has,(c)|, |hasw(c)|,
and |has,, .| are in a sense well behaved. This means the
following.

— They are well-defined. This is clearly the case, because
every alternative is ranked by either both or only one of
the voters.

— They are all non-negative. We show this in Claim 24.

— They are smaller than |Ay[, |A+| and |Ay, w|, respectively.
We show this in Claim 25.

o The scores are descending for both voters, i.e., fulfill Property
( 11). This follows from the central observation we make in
Claim 26, which is that the scores correspond to the positions.

e Every BAM for P consists of at least k attributes. We show
this in Claim 29.

Claim 24. For every alternative c € C,
e |has,(c)| > 0,
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|hasy w(c)| = tcu,w — convert,

=teuw — min(|Aw| — te,ws |Au| —leus tc,u,w)

> 0.

On the other hand, for an alternative ¢ ranked only by u or only by
w, |has,,(c)| = 0, |has, (c)| = 0, and |has, 1 (c)| = 0 by definition.
&

Claim 25. For every alternative c € C,
o |has,(c)| < |Aql,
e |has,,(c)| < |Aywl|, and
e |hasyw(c)| < |Auwl.

For every alternative c, it is the case that |Ay | > |hasy w(c)|
by definition. Consider |A,|; For any alternative ¢ € C, it is the case
that |[A,| > |has,(c)| because of the following. If ¢ is ranked by
both u and w, then

|Ay| — [hasy, ()|

= |Ay| — tcu — convert,

= |Au| —leu — min(|Aw| — te,ws |Au| —teus tc,u,w)
> 0.

Otherwise, if only u ranks c, then
|Au| — |has, (c)|
= |Au| = min(Ay (c), |Aul)
> 0.
The same arguments can be made for |A,,|. &

Next, we show that with this construction, the scores of the
alternatives correspond to their positions.

Claim 26. In the above construction, each alternative ¢ ranked by u
has scorey (¢) = Ay (c). The analogous is true for score,,(c).
First, suppose c is ranked by both u and w. Then,
scorey (c) = |hasy(c)| + |hasy w(c)|

= te,u — converte + ¢y w + convert,
=leu +leuw
= Au(€) = teuw + teuw
= Au(c).



Otherwise, suppose that c is ranked only by u. Then,
scorey (¢) = |hasy (c)| + |hasy w(c)]|
= min(Ay (¢), [Aul) + Au(c) — [hasy (c)]
= min(Au(c), |Aul) + Au(c) — min(Ay (c), |Aul)
= (o).

The analogous claim for the scores of w can be shown analogously.
<o

This gives that Property ( 11) is fulfilled, as whenever a > b, then
Au(a) > Ay (b), thus scorey, (a) > scorey (b).

Lastly, we show that k is the least number of attributes needed.
To show this, we first have to prove the existence of two specific
alternatives. We will show thereafter that the constellation of the
two alternatives requires k attributes to be explained.
Claim 27. There exists an alternative a for which

lhas,, w(a)| = |Ayw| and [has,(a)| = |Ayl (12)
or

|hasy, v (a)| = |[Ay,w| and |hasy(a)| = |Ay|. (13)

If |Ay,w| = 0, the alternative ¢ for which t., is maximal clearly
has Property 12. Thus, consider the case that |A, | > 0. Let ¢
be the alternative for which |has, ,(c)| is maximal. By definition,
[Ay,w| = |hasy w(c)|. We claim that c also has either all attributes
of A, or all of A,,.

If ¢ is ranked by only u, then

[hasy w(c)| = [Auwl = Au(c) — min(Ay(c), |Ayl) > 0.
implies that min(Ay (¢), |Ay|) = |Ay|, and coincidentally, |has, (¢)| =
min(Ay(c), |Ay|) by definition. The analogous holds for when c is
ranked only by w.

On the other hand, we argue for the case when c is ranked by
both u and w. Assume that

lhasy (c)| < |Au| and |has.,(c)| < |Awl,
aiming for a contradiction. From this, we get
|has, (c)| = tcy + converte < |Ay|
converte < |Ay| — teu-

and similarly that converte < |Aqy| — tcw.
Since we also assume that |A, .| > 0, it is the case that

[hasy, w(c)| = [Au,wl = teu,w—min(|Avw|~tew. [Aul~teun teuw) > 0
implying that
converte < teqy w-

This is contradictory, as the following (in-)equalities

converte = min(|Avw| — tews |Aul = teus teaw)s

converte < [Aw| — tews

converte < |Ay| — tcy, and

converte < ley w

can not be true simultaneously. This concludes the proof of the
claim. <o
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Claim 28. The alternative b, := argmax . c tc,w has all attributes
of A,, and none of Ay, i.e.,

[has,, (bw)| = [Avw| and |has, (bw)| = 0.
The analogous holds for by, = argmax e tcu.

We only show the statement for b,,. To see why it is true, first
expand the definitions. Notice that |A+,| = t;, ,, per definition. From
this follows that

convert, = min(|A,,| — th 1 |Ay| — thu tb,u,w) =0.
From this follows that
|has,, (b)| = tp ,, + converty, = |A,,|.

With these insights, assume that |has, (b)| > 0, aiming for a con-
tradiction. This gives us

|has, (b)| = tp,, + convert, = t5,, > 0
and thus because
b = Mu(B) = by = Au(B) = min(Ay (5), Ay (B)).
it must be the case that 4,,(b) > A,,(b), which implies that

|[Aw| = thw
=Aw(b) = teuw
= Aw(b) — min(Ay (D), A (b))
= 0)

which we have assumed to be not the case. Thus, |[has, (b)| = 0.
Claim 29. Every BAM for P consists of at least k attributes.

Let k’ be the number of attributes for an arbitrary BAM for P.
Let a be the alternative a from Claim 27 and assume without loss
of generality that

|hasy, w(a)| = |Au,w| and |has; (a)| = |Ayl.
Lastly, let b be the alternative b,, from Claim 28, that is
|has,, (b)| = |Aw| and |has, (b)| = 0.

In general, every BAM needs to take into account at least the
least needed score of q, i.e., kK’ > A,(a). If |[Ay| = 0, then kK’ >
Au(a) = |Ay,wl| + |Au| = k, which means that the claim holds for
this case. Thus, assume that |A,,| > 0.

Informally speaking, we claim that the constellation of a and b
needs at least k attributes to be explained by every BAM.

To see why, first observe that, generally, it must be the case that
Au(a) = Ay (D), since a has all of A, , and Ay,. Also, it must be the
case that A,,(b) > 0, because b has all A,, attributes and we assume
that |[A,,| > 0.

We distinguish between the cases that A,,(a) > A,(b) and
Aw(a) < A(D); it can not be the case that A,,(a) = A,,(b), as
then a and b would have a tie in w’s preferences, which can not be
an input of BAM-EXISTENCE per definition.

Case 1: A4y(a) > A4,(b): First, note that w must rank a, as 1,,(a)
can not be strictly larger than A,,(b) unless A,,(a) > 1, which is
only the case whenever w ranks a.

Informally speaking, every BAM needs to explain both the larger
gap between a and b, that is, there must be

max(Ay(a) — Ay (D), Ay(a) — A (b))

attributes that a has and b does not have. Otherwise, the gaps
between them could not be explained.




In addition to these attributes, there need to be
max (Ay (b), Avw (b))
other attributes to explain how b is ranked where it is.
We claim that A,,(b) > A, (). This is clearly the case if u does

not rank b, as then A,(b) = 0. Otherwise, the statement holds,
because,

Aw(b) = Ay (b)
[hasy, vy (b)| + |has,, (b)| > |hasy, 1 (b)] + [has, (b)]
|hasy, w(b)| + |Aw| > [hasy, . (b)] +0.

—

Putting these two insights together, i.e., that the gaps between a
and b and b’s position for w need to be explained by two disjoint
sets of attributes by every k’-BAM for #, we have that

k' > max(Ay,(a) — Ay (b), Ayw(a) — Aw(b)) + Aiy(b)

= max(|Ay| + |Ay,w| = Au(b), [Ay,w| + [hasw (a)| = A4 (b))+
Aw(b)

= |Aywl + max(|Ay| — Ay (), [hasw (a)] = Aw (D)) + A (D)

> |Ay,w| + max(|Ay| — |hasy, w(b)| — |has, (b)],
[hasy,(a)| — [hasy,w(b)| — [hasy, (b)]) + A (b)

= |Ay,wl| + max(|Ay| — [hasy,w(b)l,
|has., (a)| — |has,, ()| — [has. (b)]) + A (b)

= |Au,w| — [hasy,w(b)| + max(|Ayl, |has.,(a)| — [has,, (b))+
Aw(b)

= |Ay,wl| — [hasy,w(b)| + max(|Ayl, [hasw (a)] = [Aw])+
Aw(b)

= |Ay,wl — [hasyw ()] + [Aul + A0 (D)

= |Au,w| = |hasyw(b)| + [Aul + [has, 1 (b)| + [has., (b)]

= Ay, wl + [Au| + Ay

=k.
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Notice that the second inequality is due to the fact that u might not
rank b.

Case 2: A,,(a) < A4(b): In this case, similar to above, both gaps
need to be explained; there need to be A, (a) — A, () attributes that
a has that b does not have, and A,,(b) — A, (a) attributes that b has
and a does not have.

In addition, both b’s position for u and a’s position for w need
to be explained by distinct attributes.

Putting this together as was done previously, we obtain that for
every k’-BAM for P
k' 2 du(a) = Au(b) + A (b) = Aw(a) + max(Ay(b), A (a))

2 Au(a) = Au(b) + Aw(b) — max(Ay (b), Aw(a))+

max(4y (b), Aw(a))
= Au(a) — Au(b) + A1 (b)
> |Au,wl + [Au| — |hasy,w(b)| — [hasy (b)| + [hasy, . (b)| + |has,, (b)]
= |Au,w| + Ayl + Ay
=k.

In either case, k” > k. This concludes the proof of the claim. ¢

We have shown that there exists a linear algorithm that computes
the least possible amount of attributes for a given preference profile
P with n = 2. Thus, BAM-EXISTENCE is decidable in linear time for
n=2.

O
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