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In general, it is hard to prove that algorithms of a certain time complexity do not exist. However,
under some reasonable assumptions, it is possible to prove conditional lower bounds, that is, lower
bounds of the form

“If hypothesis H is true, then problem P can not be solved in time T (n).”

The Exponential Time Hypothesis (ETH) is such a reasonable assumption, namely that 3-SAT can
not be solved in subexponential time. In this seminar paper, I introduce the ETH, argue for why it
is a reasonable assumption and prove that, unless the ETH fails, certain problems can not be solved
in subexponential time. We consider the ETH’s implications from three perspectives, that of classical,
fine grained and parameterized complexity.

1 Classical Complexity

Classical complexity theory tries to assign problems to certain complexity classes, which, under some
assumptions, tells us how much time and space are needed to solve them asymptotically. To begin
with, let us introduce the formal notion of a problem.

Definition 1 (Problem). Formally, a (decision) problem A ⊆ {0, 1}∗ is a subset of the set of strings
consisting only of ones and zeros. An instance x ∈ {0, 1}∗ is called a YES-instance if x ∈ A, otherwise
it is called a NO-instance. Less formally, a decision problem can be posed as a question about a set
of instances/inputs, and a YES-instance is correspondingly an input for which the question can be
answered with “yes”, and conversely a NO-instance is an input for which the answer to the question is
“no”.

The classes P and NP are generally agreed on to represent tractability and intractability respectively
and are the most prominent complexity classes to date.

Definition 2 (P and NP). A problem A ⊆ {0, 1}∗ is contained in P (respectively in NP) if there is a
polynomial-time deterministic (respectively non-deterministic) Turing machine 1 (TM) which accepts
an input x ∈ {0, 1}∗ if and only if x ∈ A.

However, this is not yet a useful definition to separate the tractable from the intractable, because
it is difficult to show that no deterministic polynomial time TM for a given problem exists. In fact,
such a statement has not been shown for any NP-complete problem yet; doing so would famously be
awarded with a million dollars. However, certain problems appear to be really difficult, to an extent
that it seems unimaginable that they admit a deterministic polynomial time TM. Using the notion of
a reduction, this hardness can be transferred to other problems.

Definition 3 (Many-one reduction). Let A,B ⊆ {0, 1}∗ be two problems. A many-one reduction R is
an algorithm that transforms an instance x of A into an instance x′ of B runs in poly(|x|) time, such
that

1For an extensive introduction to Turing machines, see Arora and Barak [1, Chapter 1]
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• |x′| ≤ poly(|x|) and

• x′ ∈ B ⇐⇒ x ∈ A.

Thus, if one can transform a any instance of problem A into a similarly sized instance of problem
B in polynomial time, then A must be similarly difficult to solve as B. If B is solvable in polynomial
time, then A is so too. The contrapositive, inspires the concept of NP-hardness: a seemingly hard A
implies that B should also be difficult.

Definition 4 (NP-hardness). A problem A is called NP-hard if every problem in NP reduces to it.

To offer a non-canonical definition of NP that is based firmly on the concepts of problems and
reductions, we can think of NP as all problems that reduce to the following problem.

Turing Machine Acceptance

Input: A non-deterministic polynomial time Turing machine M , an input-string x ∈ {0, 1}∗

Question: Does M have a computation path accepting x?

Observation 1. The following equivalences hold:

• Problem A is contained in NP if and only if it reduces to Turing Machine Acceptance.

• A is NP-hard if and only if Turing Machine Acceptance reduces to A.

I feel like this definition is useful to have in mind if one likes to think of NP as having an “original”
problem, and it will allows one to see an illustrative analogue in a later chapter on parameterized
complexity.

Irrespective of how one defines NP-hardness, it is not yet useful as a stand-alone concept. This is
because its defining problem is difficult to handle. First, an easy to work with NP-complete problem,
i.e., an NP-hard problem that is also contained in NP, needed to be found. It turned out to be SAT,
which represents the heart of NP; a restriction of SAT, called 3-SAT, is central to the topic of this
paper. I define both simulataneously:

(3-)SAT

Input: A (3-)CNF formula Φ over variables X := {x1, . . . , xn}.
Question: Does there exist a satisfying assignment I : X → {0, 1}?

Here, recall that a 3-CNF formula is a conjunction of clauses of length 3, and a satisfying assignment
is an assignment such that I(Φ) = 1. An illustrative example should suffice to refresh the readers
memory.

Example 1. The formula
Φ := (a ∨ b ∨ c)︸ ︷︷ ︸

3 literals per clause

∧(a ∨ ¬b ∨ ¬c)

is a 3-CNF formula, thus an instance of 3-SAT. It is a YES-instance, as it has a satisfying assignment,
namely I(a) = 1, I(b) = 0, I(c) = 1, because

I(Φ) = min(I(a ∨ b ∨ c), I(a ∨ ¬b ∨ ¬c))
= min(max(I(a), I(b), I(c))),max(I(a), I(¬b), I(¬c))
= min(max(I(a), I(b), I(c))),max(I(a), (1− I(b)), (1− I(¬c)))
= min(max(1, 0, 1),max(1, (1− 0), (1− 1)))

= min(1, 1)

= 1.
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The paramount result obtained by Cook, Levin and Karp independently, known as the Cook-Levin
Theorem, established 3-SAT as the first practical NP-complete problem.

Theorem 1 (Cook-Levin Theorem [15, 8]). Turing Machine Acceptance reduces to SAT.

In addition, SAT reduces to 3-SAT, which lends itself well to reductions, and showing its com-
pleteness was the necessary (and tedious) step needed to make the concept of NP-hardness practically
relevant. Nevertheless, all claims deeming problems in NP intractable rely on the following hypothesis.

Hypothesis 1. P ̸= NP, that is, 3-SAT has no algorithms running in polynomial time.

Even though this hypothesis is largely agreed upon and thus 3-SAT is believed to not admit
any polynomial time algorithms, its importance and relative simplicity have been the motivation for
decades of research on algorithms for solving 3-SAT. Nevertheless, there has not been any asymptotic
improvement to the exponent of the brute force algorithm which runs in time O(2n). Below, we give
an incomplete list of contributions and the worst-case time complexity of their proposed algorithm.

Year c Source

1 Brute force
1985 0.694 Monien and Speckenmeyer [16]
1999 0.415 Schoning [18]
2010 0.404 Iwama and Tamaki [14]
2011 0.400 Moser and Scheder [17]
2018 0.386 Hertli [11]

Table 1: An incomplete list of upper-bounds O(2cn) on the worst-case time complexity for solving
3-SAT

Over the decades, improvements have even declined. It seems as if there is a bound to how fast
3-SAT can be solved. This observation is the motivation for the following hypothesis.

Hypothesis 2 (Exponential Time Hypothesis, [12]). There exists a δ∗ > 0 such that 3-SAT can not
be solved in time O(2δ

∗n).

This hyphothesis is frequently stated in two different ways — the one stated above is very useful
for proofs, the other one, a little less technical and more intuitive, states that 3-SAT can not be solved
in subexponential time. Next, we will see that the two definitions are equivalent, for which we recall
the meaning of some notation and give meaning to the word “subexponential”.

Definition 5 (Little-o and Big-O notation). Let f : N → N, g : N → N be two functions. One says
that f(n) = o(g(n)) iff

∀k > 0∃n0∀n > n0 : |f(n)| < kg(n)

and f(n) = O(g(n)) iff
∃k > 0∃n0∀n > n0 : |f(n)| ≤ kg(n).

Definition 6 (Subexponential function). A function f is subexponential if f(n) = 2o(n).

Proposition 1.

Hypothesis 2 ⇐⇒ 3-SAT can not be solved in subexponential time.

Proof. “ =⇒ ”: Assume there exists such a δ∗ > 0 such that 3-SAT can not be solved in time O(2δ
∗n).

That is that no algorithm with running time f(n) can exist for which

∃k > 0∃n0∀n > n0 : f(n) ≤ k2δ
∗n (1)
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Suppose by contradiction that 3-SAT can be solved in subexponential time, i.e., there is an algorithm
A with running time h such that h(n) = 2o(n). This would imply that that

∀k > 0∃n0∀n > n0 : h(n) < 2kn

so also that
∃n0∀n > n0 : h(n) < 2δ

∗n,

but then, taking f := h and k := 1 contradicts assumption 1.
“ ⇐= ”: This direction works nearly identically to the other, so I omit the technical details.

Let us remind ourselves that we are here to see useful lower bounds. Unfortunately, there is a
trade-off between generality and specificity when it comes to how one can define reductions. Many-one
reductions are relatively loose and thus general. This allows for a well-connected network of problems
which all reduce to each other — at this point, this network spans probably around more than a
thousand problems. However, this comes at a cost: no noteworthy general conditional lower bounds
are obtainable. As we will see soon, to make use of the ETH, reductions from 3-SAT will be necessary,
and the size of the instances obtained from the reductions will be critical. However, with many-one
reductions, those sizes need to be bounded only polynomially by the size of the original instance, which
means that no useful general conditional lower bounds can be given for NP-complete problems that
are not already implied by P ̸= NP. This leads us to a branch of computational complexity theory
called fine grained complexity.

2 Fine Grained Complexity

The ETH is one of the protagonists of a field called fine grained complexity theory, which is a subfield
of computational complexity theory that aims to give sharper lower bounds than the ones classical
complexity theory can offer. It does so by studying hardness under the paradigm of so called fine-
grained reductions, which are reductions that are specific in the size of their resulting instances and
their running times.

The goal of this chapter is to illustrate the how a fine-grained reduction can be coupled with a
reasonable hypothesis to give such a conditional lower bound. We will show that, unless the ETH fails,
Dominating Set does not admit any subexponential algorithms. To do so, we will give fine-grained
reduction from 3-SAT to Dominating Set. We will then establish that a subexponential algorithm
for Dominating Set would allow us to solve 3-SAT in subexponential time.

In the beginning, we will fail to do so, as we lack yet an important tool, called the sparsification
lemma. Afterwards, we will indeed show that a subexponential algorithm for Dominating Set would
allow us to solve 3-SAT in subexponential time, which would contradict the ETH. Thereafter, we will
see how that result generalizes to a whole class of problems.

poly(|I|) time
x′

|x′| ≤ s(|x|)

r(|I|) time

|x′| ≤ poly(|x|)

x

EquivalentProblem A Problem B

Figure 1: Illustration of many-one reductions (blue) vs. fine-grained (s, t)-reductions (red). The essence
of fine-grained complexity is to be specific about reductions and their resulting instance sizes.

To start off our journey, let us introduce the problem formally.
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Dominating Set

Input: A graph G = (V,E), a number k

Question: Does there exist a subset D ⊂ V of size k such that

∀v ∈ V : v ∈ D ∨ ∃u ∈ V : {u, v} ∈ E ∧ u ∈ D?

Example 2.

Figure 2: A graph with a dominating set of size 2 in red

Theorem 2. There is a reduction R which turns an instance Φ 3-SAT with n variables and m clauses
into an instance (G,n) of Dominating Set that runs in O(n + m) time such that G has 3n + m
vertices.

v¬a

db

vb vc

vC2
vC1

v¬b v¬cva

dcda

Figure 3: The graph (a ∨ b ∨ c) ∧ (a ∨ ¬b ∨ c) reduces to

Proof. We first describe the reduction, then prove its correctness and argue for the running time and
size of the resulting instance.

Let Φ be a 3-CNF formula over n variables X := {x1, . . . , xn} and clauses C := {C1, . . . , Cm},
which are sets of literals of size 3. To obtain G := (V,E) do the following:

• Let k := n.

• For each variable x ∈ X,

– add a dummy vertex dx, a vertex vx for the positive literal and a vertex v¬x for its dual to
V and

– add the edges {vx, v¬x}, {vx, dx}, {¬vx, dx} to E.
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• For each clause C,

– add a vertex vC to V and

– for every l ∈ C, add an edge {vc, vl} to E.

Next, I show that (G,n) is a YES-instance of Dominating Set if and only if Φ is a YES-instance
of 3-SAT. First, assume that Φ has a satisfying assignment I. I claim that

D := {v¬x|x ∈ X, I(x) = 0} ∪ {vx|x ∈ X, I(x) = 1}

is a dominating set of size n. It has size n, as for each variable x, only either vx or v¬x is in D,
which in turn means that dx is dominated and vx is dominated if v¬x ∈ D and vice versa. As I is a
satisfying assignment, C is satisfied, so only of its literals l must evaluate to true, so vl ∈ D, so also
vC is dominated. Hence, all vertices are dominated or part of the dominating set.

To see why the other direction holds, please assume that G has a dominating set D of size n.
Observe that there is a triangle consisting of vx, v¬x and dx for each variable x ∈ X. D must include
exactly one of vx, v¬x or dx, as otherwise dx would neither be dominated, nor in D. As |D| = n and
there are n such triangles, at most one vertex of each triangle is included in D. Thus exactly one
vertex of each triangle is included in D. Because of that, the partial assignment I from D following
the rules

• if vx ∈ D set I(x) := 1,

• if v¬x ∈ D set I(x) := 0

for any x ∈ X is well defined. We claim that any such I is a satisfying assignment to Φ. To see why,
consider an arbitrary clause C ∈ C and call its literals l1, l2 and l3. The clause’s corresponding vertex
vC can not be included in D, as there are n triangles, each triangle requires at least one vertex to be
picked, and |D| = n. Thus, either vl1 ∈ D, vl2 ∈ D or vl3 ∈ D. This means that any either I(l1) = 1,
I(l2) = 1 or I(l3) = 1, so C is satisfied. This concludes the proof of correctness.

Lastly, a constant time operation is done for each variable and clause, so the reduction runs in
O(n+m) time, and the resulting graph clearly has 3n+m vertices, namely one triangle per variable
and one vertex per clause.

3-SAT

n+m

DomSet

3n+m
O(n+m)

A

Figure 4: A graphical representation of the sparsification lemma

Theorem 3 ([3]). Unless the ETH fails, there exists a δ > 0 such that Dominating Set can not be

solved in time O(2
δ
(
|V |

1
3

)
).

Proof. Aiming to contradict the ETH, assume that Dominating Set can be solved in time O(2
δ
(
|V |

1
3

)
)

for any δ > 0. Let δ := δ∗

11 , where δ∗ is the δ∗ from the ETH. By assumption, there exists an algorithm A

that solves Dominating Set in time O(2
δ
(
|V |

1
3

)
). We show that for any 3-CNF formula Φ, applying A

on G := (V,E) obtained by applying the previous reduction on Φ decides satisfiability in time O(2δ
∗n).

This would contradict the ETH, thus A can not exist, unless the ETH fails. To see why that is the case,
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recall that |V | = 3n+m. Φ can have at most all possible triples of variables and their respective variants
with regards to negations as clauses, so m <

(
n
3

)
8 ≤ 8n3 and thus |V | = 3n+m < 3n3 + 8n3 ≤ 11n3.

This means Φ could be solved in

O(n+m+ 2δ(11n)
3
1
3

) = O(2
δ∗
11

11n) = O(2δ
∗n)

time, which contradicts the ETH.

This already constitutes a good blueprint for proving a conditional lower bound. However, it does
not yet accomplish our goal of showing that no subexponential algorithms for Dominating Set exist,
unless the ETH fails. The problem here is that we have not yet given a good upper bound for m.
Because of that, the lower bound has a cubic root in its exponent. Luckily, there is very powerful
lemma, which intuitively states that the hardness of deciding satisfiability for a 3-CNF Φ is only due
to the number of its variables.

Theorem 4 (Sparsification lemma, simplified, [13]). For any ϵ > 0, every 3-SAT instance Φ of size
n+m can be turned into t < 2ϵn sub-instances in time O(2ϵn · poly(n)), such that

• each sub-instance has size n+K(ϵ)n and

• Φ is a YES-instance iff any of the sub-instances is a YES-instance.{
Fewer than 2ϵn subproblems
dependent on ϵ and n!...

O(2ϵn · poly(n))

3-SATt

n+K(ϵ)n

3-SAT1

n+K(ϵ)n

3-SAT
n+m

Figure 5: A graphical representation of the sparsification lemma

Using the sparsification lemma, we finally are ready to prove our statement.

Theorem 5 ([3]). Unless the ETH fails, there exists a δ > 0 such that Dominating Set can not be
solved in time O(2δ|V |), that is, Dominating Set does not admit a subexponential algorithm.

Proof. For a simpler proof with the same structure, consider the proof of Theorem 3. Let ϵ := δ∗

2 and
δ := δ∗

2(3+K(ϵ)) . Again, aiming for a contradiction, assume that for any δ > 0, so also for the δ defined,
there exists an algorithm A solving Dominating Set in time O(2δ|V |). under this assumption, we
claim that satisfiability can be decided for an arbitrary 3-SAT instance Φ in time O(2δ

∗n) with the
following algorithm B:

1. Apply the sparsification lemma, that is, split Φ into Φ1, . . . ,Φt subinstances,

2. obtaining t Dominating Set instances G1, . . . , Gt by applying reduction R from Theorem 2
and finally

3. apply A on each of Dominating Set instance G1, . . . , Gt and return YES if A returns YES on
any them, and NO otherwise.
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First, I claim that the algorithm is correct. If Φ is a YES-instance, then one of Φ1, . . . ,Φt is a
YES-instance. R gives equivalent instances, so some of the subinstances G1, . . . , Gt is a YES-instance,
so A returns YES, thus B returns YES . Likewise, if Φ is a NO-instance, none of Φ1, . . . ,Φt and
consequently none of G1, . . . , Gt is a YES-instance, so B returns NO .

Next, I show that algorithm B takes less than O(2δ
∗n) time. First, note that t < 2ϵn by the

sparsification lemma. The whole procedure can be conceptually broken down to transforming Φ into
G1, . . . , Gt and then applying A on G1, . . . , Gt.

1. The transformation, splits Φ into Φ1, . . . ,Φt, which takes O(2ϵn · poly(n)) time. Afterwards
it computes G1, . . . , Gt, which takes O(t · (n + m)) < O(2ϵn · (n + m)) time. Overall, the
transformation takes less than O(2(δ

∗/2)·n(poly(n) + m)) time.

2. Each of G1, . . . , Gt has 3n+K(ϵ)n many vertices, so applying A on all of them takes time

O(t · 2δ(3n+K(ϵ)n))

< O(2ϵn · 2δ(3n+K(ϵ)n)) (t < 2ϵn.)

= O(2ϵn+δ(3n+K(ϵ)n))

= O(2δ
∗n).

(
ϵn+ δ(3n+K(ϵ)n) =

δ∗

2
n+

δ∗(3 +K(ϵ))n

2(3 +K(ϵ))
= δ∗n.

)

Considering the exponents, δ∗ > δ∗

2 , so only the second step is of asymptotic significance. Hence, B
takes less than O(2δ

∗n) time. If we believe in the ETH, this is a contradiction, so A can not exist.

3-SAT
n+m ... ...

3-SAT1

n+K(ϵ)n

DomSet1

3n+K(ϵ)n

DomSett

3n+K(ϵ)n

3-SATt

n+K(ϵ)n

Figure 6: Graphical representation of of how to build a subexponential algorithm for 3-SAT with a
subexponential algorithm for Dominating Set using the previous reduction and the sparsification
lemma.

We have experienced the proof of a good conditional lower bound based on the ETH. Can we
generalize the above? First, let us consider a more formal definition of a fine-grained reduction.

Definition 7 ((s, t)-reduction, simplified [19]). Let A,B ⊆ {0, 1}∗ be two problems and s, t : N → N.
An (s, r)-reduction from A to B is an algorithm that, given an instance x of A, outputs an instance x′

such that

• x is a YES-instance of A if and only if x′ is a YES-instance of B,

• |x′| ≤ s(|x|) and

• the running time of the algorithm is bounded by t(|x|).
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There are two big disadvantages of considering such fine-grained reductions. Notably, if for example
A (n2, n2)-reduces to B, and B (n2, n2)-reduces to C, then A does not automatically (n2, n2) reduce
to C, because composing the two reductions yields a (n4, 2n2)-reduction. Thus, (s, t)-reducibility is
not transitive. Thus, the network of reductions thus needs to be considered carefully, because in some
sense, (s, t)-reducibility is a local phenomenon. Further, one reason why many-one reductions are so
useful is that the model of computation does not matter; according to the Church-Turing Thesis [1,
section 1.6.1], all models of computation can simulate each other with at most polynomial slowdown,
of which the slow-down is irrelevant for many-one reductions, but not so for fine-grained reductions.
However, the specificity of an (s, t)-reduction allows us to give more general lower-bounds. The result
shown for Dominating Set can be generalized, namely for linear reductions, which can be considered
as a corollary of the sparsification lemma. This statement is even more powerful than it seems, as
linear reductions are transitive.

Definition 8. A linear reduction is an (s, t)-reduction such that s : N → N is a linear function and
t : N → N is a polynomial function.

Theorem 6 ([12]). Unless the ETH fails, no problem which has a linear reduction from 3-SAT can
be solved in subexponential time.

Proof. Suppose 3-SAT has a linear reduction from problem A, transforming a 3-CNF formula Φ over
n variables and m clauses to an instance x of A. The instance x′ obtained from the reduction has size
|x′| ≤ s(|Φ|) = an+ bm for some a, b ∈ N. Thus, the very same proof as for Theorem 5 works, however
with δ := δ∗

2(a+b·K(ϵ)) .

To conclude this section, we give a few problems which have a linear reduction from 3-SAT and
thus no subexponential algorithms assuming ETH, without formally introducing them.

Corollary 1 ([9, Theorem 14.6]). As the following problems have linear reductions from 3-SAT, none
of them have subexponential algorithms, unless ETH fails:

• Vertex Cover,

• Hamiltonian Cycle, and

• 3-Coloring.

The fact that 3-Coloring admits no subexponential algorithms under the ETH turned out to
result in a fundamental fact about another branch of complexity theory, namely parameterized com-
plexity.

3 Parameterized Complexity

Parameterized Complexity is a pragmatic take on computational complexity, of which the philosophy
can be best explained by an example.

Example 3. Consider elections; typically many voters vote on few alternatives. Many problems about
elections, such as manipulation [10], are NP-complete. However, as noted before, there are typically
few alternatives to vote on. Thus, an algorithm A that increases exponentially only when the number
of alternatives increases would be highly desirable. Such algorithms (and their respective problems)
are called fixed parameter tractable (FPT) with respect to the number of alternatives, because if the
number of alternatives, which is the parameter of those parameterized problems, is fixed, then the
running time of the algorithm increases at most polynomially if the rest of the instance grows. In
our case, this would allow millions of voters to join the elections without that leading to exponential
slowdowns of A. In fact, some forms of the example given, manipulation, are [2] FPT with respect to
the number of alternatives.
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The aim of this section is to illustrate the similarities of classical computational complexity and
parameterized complexity, and finally show that the ETH acts as a unifying hypothesis for both of
them. Let us begin with the central definition of the field.

Definition 9 ([9, Def 1.2]). A parameterized problem A ⊆ {0, 1}∗×N is called fixed parameter tractable
with respect to its parameter if there exists an algorithm which decides if (x, k) ∈ ({0, 1}∗ × N) is an
element of A in time

f(k) · poly(|x|),

where f : N → N is a computable function. The class of all fixed parameter tractable problems is
called FPT.

Let us see an example of a fixed parameter tractable problem; its parameterization is definitely not
useful, yet the FPT-algorithm is straight-forward.

Proposition 2. 3-SAT parameterized by the number of variables n is fixed parameter tractable.

Proof. Let Φ be a 3-CNF with variables x1, . . . , xn. Checking for each I of the 2n variable assignments
if I(Φ) = 1 needs 2n · poly(|x|) time and decides Φ’s satisfiability correctly. This concludes the proof
already.

For an extensive discussion on fixed parameter tractability, I refer the reader to the book by Cygan
et al. [9]. The goal of this section is to introduce W[1], a class of parameterized problems, allude to how
it resembles NP in FPT-land and show that unless the ETH fails, no problem which has a parameterized
reduction from Clique that is linear in the parameter admits an algorithm of worst-case complexity
f(k) · |x|o(k). The latter point is of specific interest, as it shows that the ETH translates very well to
parameterized complexity.

Reductions are defined for parameterized problems, but we shall see that they is not as nicely
behaved as many-one reductions.

Definition 10 ([9, Def 13.1]). Let A,B ⊆ {0, 1}∗×N be two parameterized problems. A parameterized
reduction from A to B is an algorithm that, given an instance (x, k) of A, outputs an instance (x′, k′)
of B such that

• (x, k) is a YES-instance of A if and only if (x′, k′) is a YES-instance of B,

• k′ ≤ g(k) for some computable function g and

• the running time of the algorithm is f(k) · poly(|x|).

Under this notion, an FPT algorithm for A yields an FPT algorithm for B, whilst the disbelief for
an FPT algorithm for A transfers that disbelief to B.

Theorem 7. [9, Thm 13.2] If there is a parameterized reduction from A to B and B admits an FPT
algorithm, then A also admits an FPT algorithm.

Unfortunately, under this notion of a reduction, the FPT-analogue to NP is not one class, but a
hierarchy of classes, called the W-hierarchy, consisting of classes W[1], W[2], . . . such that all of W[i]
reduces to W[j] if j ≥ i, but not the other way around. However, this inconvenience is not relevant
for our concerns: just as an FPT-algorithm propagates down the hierarchy, a lower bound for W[1]
conversely propagates upward the W-hierarchy. Thus, I do not give the canonical definition of W[1],
which is based on problems that reduce and can be reduced to and from a specific problem on circuits
of weft 1. For an extensive treatment thereof, I recommend [9, Chapter 13]. For the topic of this paper,
it is useful to think of W[1] as the problems that reduce to Short Turing Machine Acceptance,
which is W[1]-complete (see [9, Thm 13.32]) also under the canonical definition.
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Short Turing Machine Acceptance

Input: A nondeterministic Turing Machine M , an input string x ∈ {0, 1}∗ and a parameter k ∈ N
Question: Does M have a computation path of length at most k accepting x?

Having seen this, we are ready to see our definition of W[1].

Definition 11. A parameterized problem A is contained in W[1] if it reduces to Short Turing
Machine Acceptance. A is W[1]-hard if all problems in W[1] reduce to A. A is W[1]-complete if it
is both W[1]-hard and contained in W[1].

This following theorem shows that our given definition gives FPT ⊆ W[1] and may also serve as a
very gentle introduction to parameterized reductions.

Theorem 8. FPT ⊆ W [1].

Proof. Assume A is a parameterized problem with an FPT algorithm A. To decide if some instance
(x, k) ∈ A, run A on it. If x is a YES-instance according to A, let M be the NDTM that instantly
accepts. Otherwise, let M be the NDTM that instantly rejects. Thus, x′ := (M,k′) with k′ := 1 is the
obtained Short Turing Machine Acceptance instance. It takes f(k) · poly(|x|) time to compute
x′, k′ ≤ k and the x′ is clearly equivalent to x.

The working horse of NP is 3-SAT; a problem with “nice” structure that is useful for reductions and
for which there exists a (tedious) reduction to the defining problem Turing Machine Acceptance.
What is the analogue for W[1]? The answer is Clique.

Clique

Input: A graph G = (V,E), a parameter k

Question: Does there exist a subset C ⊆ V of size k such that ∀a, b ∈ C : {a, b} ∈ E?

Cai et al. [5] have shown that Short Turing Machine Acceptance reduces to Clique and vice
versa. Thus, the following can be treated as an analog to the Cook-Levin Theorem for parameterized
complexity, even though it is not as paramount, as the “real” underlying problem (or collection thereof)
of the W-hierarchy is a different one.

Theorem 9 (Cai et al. [5]). Clique is W[1]-complete.
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Figure 7: An illustrative comparison of classical computational complexity and parameterized com-
plexity; a one-sided arrow indicates that the problem (or the class of problems) at the tail reduces to
the other, a two-sided arrow means there is a reduction for both directions.

Clique is a well-studied problem. In fact, it is one of the original 21 NP-complete problems by
Karp [15]. Nevertheless, no FPT-algorithm has been found for it yet. We thus have that

• an FPT-algorithm for a relatively well-structured and well-studied problem has been not been
found yet and

• such an algorithm would give an FPT-algorithm for something as opaque as deciding if a
polynomial-time NDTM has accepting computation paths of a given length.

This is evidence for another widely believed conjecture, namely that FPT ̸= W[1].

Hypothesis 3. FPT ̸= W[1], that is, no problem in W[1] is fixed parameter tractable.

However, here the symmetry breaks down, because FPT ̸= W[1] is a stronger conjecture than P ̸=
NP. This is when we finally return to the main topic of this paper, the ETH; in fact, the ETH implies
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both FPT ̸= W[1] (see Corollary 2) and P ̸= NP (trivially), and in some sense is a conjecture over
both classical complexity theory and parameterized complexity theory. Further, the ETH carries over
through a series of proofs to the working-horse of parameterized complexity, because a f(k) · |V |o(k)
algorithm for Clique would imply a subexponential algorithm for 3-Colorability, which would
contradict the ETH.

Theorem 10 ([7], [9, Thm 14.21]). Unless the ETH fails, Clique does not admit an f(k) · |V |o(k)
algorithm.

Corollary 2. ETH =⇒ FPT ̸= W[1].

Proof. Suppose the ETH is true and let A be a parameterized problem in W[1]. By definition, A can
be reduced to Clique. An FPT algorithm for A would thus allow for an FPT algorithm for Clique,
contradicting the ETH.

Corollary 3. If a parameterized problem A has a parameterized reduction from Clique, transforming
an instance (x, k) from Clique to an instance (x′, k′), that is linear in the parameter, i.e., k′ ≤ ak
for some a ∈ N, then A has no algorithms of complexity g(k′) · |x|o(k′) for no computable function g,
unless the ETH fails.

Proof. The reduction can be used to obtain an instance (x′, k′) of A that is equivalent to Clique in
f(k′) ·poly(|x|). If A had an algorithm of complexity f(k′) · |x|o(k′), then this would yield an algorithm
of complexity g(ak′) · |x|ak = f(k) · |x|o(k), with f(k) := g(ak), which is impossible by Theorem 10,
unless the ETH fails.

4 Closing Remarks

We have very briefly taken a look at three different flavors of complexity theory under the guise of
the Exponential Time Hypothesis. In some sense, classical complexity asks “Is a problem hard?”,
fine grained complexity asks the question “How hard is a problem?” by restricting the notion of a
reduction, whereas parameterized complexity asks “What about a problem is hard?” by restricting
the set of possible instances. At their intersection lie results like that of Theorem 3, which consider
both more specific questions simultaneously. In some sense, the two subfields represent two different
dimensions of hardness, with the ETH acting as a bridge connecting the two dimensions.

This quick excursion was not exhaustive. There is a stronger version of the ETH, the Strong
Exponential Time Hypothesis (SETH) [13], which, states that SAT, so 3-SAT without a restriction
on the clause length, has no algorithm that has a better time complexity than brute force. Whilst less
commonly agreed upon, SETH gives stronger lower bounds and can be used to prove sharper lower
bounds, even for problems that are not in P [19]. The ETH and SETH can both be expanded to the
world of randomization [6] and also to quantum computing [4], so it seems as if research around it is
ongoing. Despite being relatively new, parameterized complexity has left its infancy and is a mature
field, yet still with open questions, also with respect to hardness. Fine grained complexity is not as
matured, however therefore still offers much to be explored.
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